In many differential, single species, population models, the intrinsic model parameters are assumed to be given constants. Typical examples are the "carrying capacity" and "rate constant" arising in the logistic model. Such constant parameters usually allow exact solution of the model equations, to completely describe the evolving population. However, this assumption of constancy is not realistic since such parameters may exhibit a wide range of variation with time. This investigation considers a particularly useful population modelthe Gompertz model-in the case where the model parameters vary slowly with time. Multi-timing methods construct an approximate expression for the population that has the advantages of being both explicit and giving results comparable to those obtained from numerical calculations.
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fine the growth characteristics of the species involved, and its interaction with the microcosm. Usually, these parameters are taken as constants. This is often necessary to allow useful analysis of the model. However, such parameters usually do vary with time. In such cases, analysis of the model usually requires repetitive numerical simulations to enable some form of general statements to be made about the role played by these parameters in the population evolution.
Often, the model parameters vary slowly in time, due, perhaps, to seasonal variation. Then, the population variation may be viewed as depending on two time scales-the 'normal' intrinsic scale of the species, and the 'slow' time scale imposed by the parameter variation. In such cases, the model may be analysed using a "multi-time" approach, as applied, for example, in the area of mechanical oscillations [6] .
In the present paper, we apply such analysis to a population P (t, ε) given by the solution of the initial value problem
In the above, r and K are given positive functions of their arguments, while ε is a small positive parameter. Thus, r(εt) and K(εt) denote functions which vary slowly as t varies, since an O(ε −1 ) change in t is required to produce an O(1) change in r or K.
When r and K are constant, the above model reduces to the Gompertz model [2, 3] , which has been used in modelling in such diverse areas as actuarial studies and economics, technology transfer and technology substitution, innovation diffusion, tumor growth including breast cancers, and a range of biological and botanical phenomena. Here, r is the Malthusian growth constant, while K is the carrying capacity, the limiting population supportable by the microcosm. Our model (1) above (also discussed in [4] ) extends this to the situation where r and K vary slowly in time as a result of some background variation.
Multiscale formulation of the model
The problem (1) depends on the two time scales t and εt. This implies that we should regard the solution P (t, ε) as a function of these two time scales. This is the simpler approach adopted in earlier analysis of similar models [7] . However, it turns out that we need to propose more general time scales for (1), namely
where g(t 1 ) is an arbitrary function of t 1 which is to be found. Here t 0 is a transformed "normal" time variable and t 1 is the "slow" time variable. Setting
we get, on application of the chain rule,
where D 0 and D 1 denote partial differential operators taken with respect to t 0 and t 1 respectively.
With these transformations, the multi-scaled Gompertz equation is
This equation (5) for p now displays ε explicitly, so that a perturbation approach based on ε → 0 may be used. We also note that this is a partial differential equation.
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Perturbation analysis
We now express p as a Poincaré expansion in ε,
where this expansion is subject to the boundedness condition
for all t 0 and t 1 , even as t 0 , t 1 → ∞ .
Substituting this expansion into (5) and collecting like powers of ε gives us equations for p 0 and p 1 as
and
respectively. Solving (8) gives
where A(t 1 ) is an arbitrary function of t 1 . Assuming that A(t 1 ) and g (t 1 ) are bounded positive functions of t 1 , p 0 is bounded for all t 0 and t 1 , and tends to K(t 1 ) as t 0 → ∞ . Equation (9) becomes, on rearrangement,
Note that p 0 contains one arbitrary function of t 1 . Since the original equation (5) is first order, we seek a particular solution only of (11) to represent p 1 . An integrating factor method gives
On substituting p 0 and p 1 into the Poincaré expansion (6) we obtain our two term approximation for the solution.
Under the assumptions above regarding A(t 1 ) and g (t 1 (7) . To overcome this we set the coefficients of these terms to zero, by choosing
where C is an arbitrary constant, and
This last condition gives the time scales t 0 and t 1 as
r(s) ds and t 1 = εt .
Note that when r(εt) is constant, these scales reduce to the simpler scales t and εt as used in [7] .
Substituting the above into the expansion (6), we obtain
Using the initial conditions that at t = t 0 = t 1 = 0 , p = P 0 , and rewriting in the original variables, we obtain the expansion
Equation (17) provides a two term approximation to the solution of the Gompertz model when the growth rate and carrying capacity vary slowly with time. As time, t → ∞ , the population, P (t, ε), as approximated by (17), tends to the carrying capacity, K(εt), minus an O(ε) term dependent on the derivative of the carrying capacity K (εt) and the growth rate r(εt). Further, in many circumstances, the carrying capacity tends to a constant value as t → ∞ ; that is, K (εt) → 0 , so that P (t, ε) given by (17) actually tends to the carrying capacity, as in the constant K case.
Application to particular cases 4.1 Exponentially varying carrying capacity
We consider a carrying capacity that either grows or decays exponentially and slowly over time:
where ε is small, K 0 is the initial carrying capacity and ρ is a constant . For ρ > 0 , K increases exponentially, whereas for ρ < 0 , it decays. Such an exponential growth in a population could arise from an increase in the ability to produce more food or the introduction of vaccines into an environment. The growth rate r is constant. 
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Here K (∞) = 0 , so that P = K + O(ε) at best as t → ∞ . These features are reflected in the numerical solution.
Periodically varying carrying capacity
A periodically slowly varying carrying capacity may be
where ε is small. Here, K executes slow oscillations about K 0 of amplitude δ. Such behavior of the carrying capacity is a typical response to environments which fluctuate slowly over time. For example, in a marine environment the changing tides resulting from the phases of the moon bring slow variation in the ability of the environment to support a given species. The population does not stay strictly below the carrying capacity, as in the previous case, but rather, remains in a small neighbourhood of it as time evolves. Since K alternates in sign, the contribution of the second term of (17) alternates as well-hence the switching from above K to below. As for the example above, this behaviour is reflected in the numerical solution.
The bi-Gompertz model
In some logistic evolving systems,the carrying capacity K displays a logistic type growth between two constant limits [1] . Such a "pulse" in K is reflected in the corresponding population. Here, we copy the approach in [1] , to obtain a slowly varying "bi-Gompertz" form of K, varying between two constant limits. This is then applied to (17), to obtain a representation for the variation of the population. The appropriate form for K is
where k 1 is the initial carrying capacity, r and ε are constant growth rates for the first and second growth phases, and t mk is the location of the second turning point in time. Figure 3 shows the results of this for k 1 = K 0 = 80 , k 2 = 20 , ε = 0.05 , t mk = 100 , P 0 = 10 and r = 0.1 .
Once again the approximation is acceptably accurate as there is minimal difference between the numerical solution and the two term multi-timing approximate solution. 
Periodically varying growth rate and carrying capacity
The preceding examples only display a varying carrying capacity. Clearly (17) allows for r to vary (slowly) as well. Here, we consider growth rates and carrying capacities that are varying slowly and periodically with time, since these may arise in environments which fluctuate slowly over time.
Representative functions for such r(εt) and K(εt) are
where r 0 and K 0 are mean values and δ and ∆ denote amplitudes of the respective oscillations about these means. Figure 4 displays the results obtained using (17) where r 0 = 0.5 , δ = 0.14 , K 0 = 50 and ε = 0.1 . The numerical (the blue line) and approximate solutions (the black line) are effectively coincident, while both tend rapidly to the carrying capacity (red line) as time progresses.
Discussion
The calculations above have yielded a useful approximation to the solutions of the Gompertz model, valid for arbitrary slowly varying growth rate r and carrying capacity K. This agrees very well with the results of numerical computations and has the further advantage of being an explicit function, capable of representing general features of the evolving population. Numerical solutions can only achieve this at the expense of numerous recalculations using very specific data.
While these methods have been applied here to a particular population model, they are readily applicable, with suitable modifications, to a wide 
